Abstract. Fourier images of generalized triadic Koch fractals (curves and snowflakes) with variable vertex angle of generator were obtained by digital methods. The comparison of different methods of fractal dimensions determination using Fraunhofer diffraction patterns was made. Analysis of the size ratio dependence of central (fractal) and peripheral (lattice) parts of diffraction pattern both upon vertex angle at a fixed value of prefractal generation number and upon prefractal generation number at a fixed value of vertex angle was made. The features of Koch curves and Koch snowflakes Fourier images are discussed.
INTRODUCTION
Externally similar to the snowflake outline fractal (grandparent of fractals family which will be discussed below) was named in honor of Swedish mathematician Helge von Koch, who first described it in published in 1904 year article the title of which in French sounds like "Of nontangent continuous curve to obtain an elementary geometric constructions" [1] .
The Koch fractals were quite a complicated genealogy. It turned out that a year before the Japanese mathematician Takagi Teiji published an article with almost the identical title "Simple example of continuous function without derivatives" [2] , where he described the socalled "blancmange" curve (currently referred to as Takagi-Landsberg curve), which was the nearest relative of the Koch snowflake. Then the family of curves under consideration was expanded in 1933 by Hildebrandt [3] and in 1957 by de Rham [4] . The last extension was the most representative: the individual cases of curves deFrame are such wellknown classical fractals like the Koch snowflake, spacefilling Peano curves, curves of Cesaro-Faber, Takagi-Landsberg, Levi, etc., see [5] .
In the present work we studied the properties obtained by numerical methods Fourier images and Hausdorff dimension spectra of the triad geometric fractals family with generator in the form of a symmetrical four-segment broken line with an arbitrary angle between the central units and with the initiator (broken line) in the form of a straight line (Koch curve) or in the form of an equilateral triangle (Koch snowflake). When constructing a fractal, at each step the segments of the initial broken line are divided symmetrically relative to the center into three equal (for α = 60°) or unequal (for α ≠ 60°) parts (hence "triad" in the name of a family).
Used in the present work, the term "Fourier image" actually refers to the 2D-graphic representation of distribution of the squared modules of the component of the Fourier transform for images of fractals (see figures in text). The resulting picture is close to that obtained by Fraunhofer diffraction of electromagnetic waves on fractals, which makes possible to run verification field experiments.
DECLARATION OF PROCEDURE FOR KOCH FRACTALS FOURIER IMAGES OBTAINING
Used in the present work a procedure for determination of fractal object picture Fourier images (i.e., diffraction patterns in the Fraunhofer zone) using numerical methods, previously described and applied to study the fractallike domain structures in magnetic films [6] , later was applied to the real test objects (mono-and biperiodical domain structures), when it was possible in the visible range of wavelengths to observe directly and photograph the diffraction pattern by the "transmission" mode. Fourier images, obtained by digitized pictures of domain structures, correspond both the results of the theoretical calculation and the experimentally observed diffraction patterns [7] . In addition, similar numerical methods have been used for a number of other fractal objects [8] , for which the phenomenon of diffraction have been well studied by other authors [9] [10] [11] . The agreement obtained Fourier images (diffraction patterns) with the results of these experimental and theoretical studies was quite good. Note that numerical methods are quite simple and do not require an analytical description of fractals, that was used, for example, the authors of the works [12, 13] .
The first step in the implementation of used numerical methods was to generate black-andwhite raster image of selected fractal objects with the help of specially designed programs. Further images of fractals were approximated by a grid function on a uniform grid with number of nodes n 1 × n 2 , where the values n 1 и n 2 were chosen sufficiently large (up to 4096) in order to ensure adequate approximation of the smallest details and have the opportunity to explore generation of prefractals with high numbers of generations. For digitized pictures using fast Fourier transform we determined the values of the Fourier component squared modules, i.e. the spectral distribution of intensity I of diffracted radiation in the zone of Fraunhofer. To display the intensity I of the diffraction maxima on the 2D-plane, one can use either a linear (or logarithmic) scale intensity using different gray levels, or representation of I values in the form of circles with radius proportional to intensity (or logarithm of it), where coefficient of proportionality is chosen for reasons of optimal illustrativity of images. This article used the second method, modified by additional Gaussian blur of circles displaying the values of I.
In the following sections, according to made in the introduction comments of,
we'll use for Koch fractal with the generator in the form of symmetrical relative to the middle fourbar broken line with an arbitrary angle between the central bars name "Koch curve", if the initiator is a line segment, and the name "Koch snowflake", if the initiator is an equilateral triangle (see Fig. 1 ). Note that to preserve the self-similarity of prefractal by iterations all the segments of generator in a form of broken line must have the same length. When α → 0°, the broken line becomes delta-shaped, when α → 180°, it merges with a initiator line; case α = 60° corresponds to the classical Koch curve.
METHODS OF KOCH FRACTALS DIMENSION DETERMINATION
Analysis of the diffraction pattern allows to determine the Hausdorff dimension of fractals studied by two different numerical methods. The first method (hereinafter, method of circles) based on a numerical determination of the average resultant intensity of the diffracted radiation
in the circles of variable radius r k = r 0 + kδ r centered at the position of the main diffraction maximum (ρ and φ -polar coordinates in the plane of diffraction, r 0 and δ r -are the initial radius and increment of radius as well k = 0, 1, 2, ...) and then using the formula
(2) from which it follows that the value of fractal dimension D f equals the modulo of the angular coefficient of the straight line, approximating the dependence Ī(r k ) in double logarithmic scale.
In the second method (hereinafter, method of the annular zones) the diffraction plane is divided into annular regions by concentric system of circles with radii r k = r 0 m k , where r 0 -is an initial radius and m > 1 is a constant multiplier. Then the average resulting intensity of the diffracted radiation inside of each ring is calculated (3) after that the dependence Ī(r k ) in double logarithmic scale is built, and module of the slope of the linear section of which determines the fractal dimension D f .. For self-similar fractals, to discussed in this work fractals belong, the value of coincides with the scaling factor of the elements in the transition between adjacent hierarchical levels of the fractal, and the value of r 0 must be chosen so that each of the annular zones contained only congruent fragments of the dif-fraction patterns [9] [10] [11] [12] [13] .
The dimension of the fractals can be determined also by nonspectral box counting technique, which uses a built in double logarithmic scale the dependence N(ε k ) = f(1/ ε k ), where N(ε k ) -needed to fully cover the fractal is the number of squares with side length 
FOURIER IMAGES OF KOCH CURVES WITH VARIABLE VERTEX ANGLE OF GENERATOR
In Fig. 2 and Fig. 3 the Fourier images (diffraction pattern) of Koch curves with different values of the angle α (values are given under each figure) obtained by described in The diffraction pattern for each value of the angle α is given in two scales, differ in two times: at the top -smaller, at the bottomlarger, allowing one to examine the details of the center of the diffraction pattern corresponding to the fractal part of spectrum. Comparison of diffraction patterns Fig. 2 and Fig. 3 with the same image scale and the same prefractals generations, differing only angle α value, shows that the fractal part of the Fourier images is narrowed by decreasing this angle throughout the studied interval changes. Especially strongly this effect is manifested if α → 0°, when the spectrum is dominated lattice (associated with the ordering) part (Fig.  2a) . The dimension of the fractal in this case tends to 2 (see below), i.e., it acquires the features of a space-filling curve.
DEPENDENCE OF KOCH CURVES DIMENSION ON VERTEX ANGLE OF GENERATOR
A diffractograms similar to that shown in Fig. 2 and Fig. 3 , were used to determine the dimensions of Koch curves with different values of the vertex angle of the generator 
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GALINA V. ARZAMASTSEVA, MIKHAIL G. EVTIKHOV, FEODOR V. LISOVSKY, EKATERINA G. MANSVETOVA using method of circles and of annular zones. Attempts to use box counting method showed that a reliable allocation of the linear section of the curve according to the considered family of fractals (especially for α < 8°) is associated with significant difficulties, therefore this method was abandoned.
Graphs of the dependences Ī(r k ) in doublelogarithmic scale are shown in Fig. 4 for the method of annular zones (Fig. 4a-c) and the method of circles (Fig. 4d-f) at various values of the angle α. The dashed lines in Fig. 4 have a slope equal to the theoretical value of the dimension D f , taken with the opposite sign, which is determined by the expression [14, 18, 20] ( ) (Fig. 4d-f) , for method of annular zones linear part appears only when α ≥ 7.5°. With increasing of α linearity region for dependence Ī(r k ) for both methods expands. Theoretical dependence of fractal dimension on angle β = 90° -α/2 is shown in Fig. 5 , where one can see also the corresponding "experimental" values of fractal dimension D f obtained by method of circles (○) and method of annular zones (×).
If α is approaching to 180°, the scale factor m → 4, and the dimension D f → 1, i.e. the fractal curve degenerates into a line segment. In another limiting case, when the scaling factor m → 2 and the dimension D f → 2, i.e. the fractal curve tends to fill the entire plane, and therefore, as was shown by us earlier for Peano and Gosper curves, method of the annular zones failes, as the lattice portion of the diffraction pattern begins to dominate the fractal due to the high degree of ordering space-filling curves [21] .
PROPERTIES OF KOCH CURVES FOURIER IMAGES
Received by numerical methods Fourier images of Koch curves with α = 2°of the 5-th, 6-th 
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and 7-th generation respectively are shown in Fig. 6a -c, theoretical (dashed line) and calculated by the method of ring zones (solid lines) dependencies Ī(r k ) are given in Fig. 6d-f . It is seen that although the central part of the diffraction pattern is expanded with increase of number of the prefractal generation order, the essential approaching of curve to the theoretical one is absent, and even to the 7-th generation (Fig. 6f ) selection of linear curve region is impossible.
On the basis on the analysis of investigated Koch curves Fourier images with different values of the angle α (see Fig. 2, 3 and 6 ) quantitative relationship between size of the central (fractal) part and number of prefractal gener-ation order was established. It was found that increasing generation number per unit leads to en-larging of spectrum fractal part in proportion to a scale factor m, that is, the strongest effect occurs when α → 180° and m → 4. This is consistent with the results obtained in [11] , where it was found that in the particular case for "classical" Koch snowflake with the angle α = 60° and scale factor m = 3 linear dimensions of the fractal part increase three times while increasing prefractal generation numbers per unit.
It was also established that the fractal part of the diffraction pattern has a scale invariance in the entire studied range of angles α, and that change of this angle leads also to significant transformation of the peripheral (lattice) part of the diffraction pattern.
General properties of the Fourier images of the Koch curve at any value of the angle are the presence of a symmetry center at the point corresponding to the zero diffraction maximum, and passing through this point of the axis of symmetry of the second order and two planes of sym-metry (vertical and horizontal). At the angles α = 180°/n, where n ≥ 2, in Fourier images of the ideal (infinite) fractal should appear additional axes of symmetry of the order 2n. This trend is quite clearly visible in Fig. 2d,f and Fig. 3c (the axis of symmetry of the 10-th, 6-th and 4-th order, respectively), but virtually absent in Fig. 2a and 2b , where should occur the axis of symmetry 72-th and 24-th order, respectively, as to get close to the Fourier images of endless fractals by numerical methods while decreasing the angle α, one must use increasingly higher generations of prefractal. Generally speaking, even in Fig. 2d ,f and 3c it is seen that upon rotation of Fourier images for the angles 36°, 60° and 90°, there really exists an overlay of the diffraction peaks, but their intensities differ.
Roughly the structure of all diffraction patterns can be considered as spoky-ringlike, and the "spokes" are more pronounced in peripheral (lattice) region, and the "rings" -in the central (fractal). If there are additional axes of symmetry (α = 180°/n, где n ≥ 2) structure is much more complicated, at the same time greatly increases the clarity of the image diffraction patterns (see Fig. 2b ,d,f and 3c). With angle α increasing in the range of 25° ≤ α < 90° the number of "spokes" monotonously decreases, and then (at 100° ≤ α < 140°) again begins to increase due to the appearance in the Fourier images, the structure of which loses the ring component, additional "spokes" different from the mains in contrast (see Fig. 3e-h ).
The clearest diffraction pattern (especially its fractal part), consisting of local maxima of dif-ferent intensity is observed for the Koch curve with an angle α = 60° (Fig. 2f) . For all other values of the angle α diffraction peaks are "smeared", except the case α = 36°, when high image definition also achieves (see Fig. 2d ). The central part of the Fourier image of this fractal in doubled scale is shown in Fig. 7. 
PROPERTIES OF KOCH SNOWFLAKES FOURIER IMAGES
Were also studied the properties of Fourier images of Koch snowflakes with initiator in a form of an equilateral triangle. The most symmetrical and sharp diffraction pattern for α = 60° almost completely coincide with the observed for the appropriate Koch curve (Fig.  2f) , however, the Fourier images of snowflakes for some values of angle α ≠ 60°, as seen in Fig. 8 , were much more sharp and had a higher degree of localization with respect to the Fourier images of Koch curves. In the left column of Fig. 8 pictures of the corresponding snowflake of 3-rd generation are shown, in central column -diffraction pattern, received for prefractal of the 4-th -6-th generation, in right columnmagnified in two times central (fractal) part of the Fourier images.
On the contrary, for other values of angle α, even slightly different from 60° (e.g. for 63°), diffraction patterns become blurred, and this effect increased while moving off the center, creat-ing the illusion of a "spinning wheel" (see Fig. 9 ). 
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PROPERTIES OF NODIFIED KOCH CURVES FOURIER IMAGES
We also analyzed the properties of the modified Koch curves for which at every stage of construction the generator vertex angle alternately takes on the values α 1 and α 2 . In Fig. 10 for two cases, when α 1 and α 2 equal 57° and 63° -(a), and 50° and 70° -(b) the Koch curves of the 3-rd generation (upper row), the Fourier images of the same Koch curves, but of the 6-th generation (middle row), and central parts of them (bottom row) are shown. It is seen that in both cases there is the effect of "rotating wheel", and the blurring of diffraction peaks increases with increasing difference α 2 -α 1 . Fig. 11 corresponds to the Fourier images of the 6-th generation Koch curves, when the values α 1 and α 2 are 18° and 22° -(a), 33° and 39° -(b), 60° and 120° (c), respectively. In the first two cases as in Fig. 10 , there is a blurring of diffraction peaks, increasing with distance from the center of the diffraction pattern. In the latter case, the blurring effect is absent.
A diffractograms similar to shown in Fig.  10 and Fig. 11 , were used to determine the dimen-sions of the modified Koch curves by methods of circles and of annular zones. The values of the dimension obtained by the first method using dependencies Ī(r k ), is well coincided with the theoretical values determined by formula 
CONCLUSION
Despite the complicated genealogy (see section 1), the fate of fractals Koch has developed extremely well. The total number of dedicated to them theoretical publications is counted by hundreds; the range of practical applications is constantly expanding. Among the latter in the first place should allocate flush-mounted multi-band antenna systems based on generalized and modified Koch fractal, allowing to obtain the same parameters (beam width, sidelobes level, gain and directive gain) as the conventional antenna, but with significantly smaller overall dimensions [22] [23] [24] [25] [26] [27] .
The reduction in size is due to the fact that the length of the generalized Koch prefractal of the n-th generation, defined by the expression ( )
(6) where L 0 is the length of the initiator, corresponding to the size of a conventional vibrator antenna increases with the number of iterations in geometric progression. The denominator of the progression q reaches a maximum equal to 2 at α → 0°, and is drawn into the unit at α → 180°. From (4) and (6) it follows that ( )
that is, the length of the suggested ceteris paribus increases with lowering of the scale factor or by increasing the fractal dimension.
Antennae using modified Koch curves, when the generator vertex angle α at each stage of construction alternately takes on the values α 1 and α 2 , also have found application (see eg. [25] ).
For the above reasons the results of our research can be useful in determining the real size and capabilities of fractal antennas by diffraction techniques, as well as for the comparison of the di-rectivity diagram with Fourier-images of the corresponding fractals obtained by numerical methods.
